ABSTRACT: Micromechanical modeling of multi-filament yarns is an essential issue needed for understanding and predicting their behavior in different structural contexts. Moreover, due to a high amount of imperfections in the yarn structure, statistical treatment of the micromechanical model is inevitable. It must be stressed that the performance is rather sensitive with respect to the loading context and structural modifications. Especially in the crack bridge with extremely short effective length, a severe reduction of the peak load due to imperfections in the yarn structure can be observed. In order to adapt the traditional fiber bundle models for applications in Textile Reinforced Concrete (TRC) refined kinematics reflecting the deformation of each filament has been formulated. This becomes extremely important in the modeling of short bundles bridging the cracks. This issue is numerically documented on studied effects of (i) scatted filament lengths, (ii) delayed activation and (iii) twist of yarns.
INTRODUCTION
The heterogeneous nature of the reinforcement and of the matrix introduces sources of randomness at several scales of the material structure. For robust modeling of the overall material behavior, it is inevitable to identify and analyze the sources of randomness both, experimentally and theoretically. The need for a sound description of the local behavior of the reinforcing yarns is documented in Fig. 1 .1. The performance measured in the tensile test with l test 0.1 m cannot directly be assumed for application relevant effective lengths, namely for the effective length occurring in a crack bridge (l bridge 0.0001 m) and/or for the length of a structure (l struct 1 m).
In order to predict the bundle behavior in a wider range of applications, its performance must be captured in terms of the fundamental failure and interaction mechanisms as they develop during the loading. Obviously, the way of propagation of these mechanisms to the global failure is strongly influenced by the statistical properties of the yarn structure. In the particular case of very short effective length l bridge , even small irregularities in the material structure (i.e. differences in filament lengths or activation strains) have a dominant influence on the overall performance and cannot be disregarded. However, the conditions of a crack bridge cannot be reproduced in the laboratory tests. On the other hand, for large effective lengths, the overall bundle strength is governed by the scatter of strength along the bundle (statistical size effect).
with a stochastic simulation. Second, we compare the numerical results with the analytical asymptotic solution for mean bundle response introduced by Phoenix and Taylor [Pho73] . In the simulation we include sources of randomness stemming both, from the yarn structure and from the experimental setup.
The model is introduced in Sec. 2. After that, we focus on three selected structural parameters, namely scatter of filament lengths, slack and twist of yarns. Effective lengths.
COMPUTATIONAL MODEL AND NUMERICAL SIMULATIONS
The full coverage of the specified elementary effects would be possible using the finite element model including the specified sources of randomness. However, by realizing that we are dealing with bundles consisting of up to 3000 filaments with relatively dense discretization (e.g. for short autocorrelation structure of the spatially fluctuating material properties) we have to conclude that the computational complexity of the deterministic model makes the statistical evaluation by means of the Monte Carlo computation impracticable due to the prohibitive computational cost. In particular, with n number of filaments and p number of elements (material points) along each filament, the order of structural stiffness matrix becomes ( 1) n p . In case that shear interaction is modeled in adjacent nodes, the stiffness/structural matrix is a symmetric band diagonal matrix with the number of nonzero elements equal to circa ( 1)( 1) n p n . In a realistic case of 1600 n and 99 p the number of nonzero elements is 6 1600 100 1601 256.16 10 . For double precision numbers, this corresponds to a memory size of 2 GB and is obviously unaffordable for stochastic non-linear computation, even using today's high performance computers.
In case that no interaction between filaments is taken into account, the structural matrix is tridiagonal so that, using the symmetry, the number of nonzero entries is 2 ( 1) n p . This corresponds to a moderate size of the system matrix of 2.6 MB. However, using the finite element discretization with the Newton-Raphson scheme to trace the load displacement diagram for this problem would still be like using a sledge hammer to crack a nut. As far as the friction between filaments remains negligible, as is the case for short effective lengths in the crack bridge, it is possible to evaluate the bundle response during the displacementcontrolled loading process explicitly, both, analytically and numerically.
Kinematic model and constitutive law
We distinguish two kinds of parameters (see Fig. 2 .1): those appointed to the i-th filament and those appointed to the whole filament ensemble:
(1) The parameters of the i-th filament make sense independently on the bundle composition. In case of AR-glass, linear elastic brittle behavior can be assumed with the parameters i E for Young's modulus, i for strength and i A for cross-sectional area. We note that these parameters are assumed constant along the filament here.
(2) The bundle parameters quantify the differences between the filaments in the ensemble.
Except for the probability distribution functions of the filament properties ( ) l l l is the local activation strain at which the filaments i starts to transmit force. 
We note that in this form, the local strains are related to the actual filament length rather than to the nominal length ( ) 
Numerical evaluation of the load-strain diagram for finite n
As already stated, this computation neglects any local interaction between filaments and corresponds to the global load sharing (GLS) [Dan45] . Therefore, the model is only applicable when the influence of shear is small. Fig. 2. 1.e shows the localization of failure for a bundle after the rupture of a filament, a phenomenon that cannot be captured by the present model. Localization of failure into narrow zones due to shearing asserts mainly for long yarns providing sufficient length to build up forces comparable with the filament strength. Obviously, the increasing shearing capacity leads to more homogeneous force distribution within the bundle, and consequently to a more brittle failure as shown in Fig. 2.1 .f by the dashed line. In case of delayed activation, the increased shear transmission leads to a faster activation of yarn stiffness due to the interaction of filaments between the waves (see Fig. 2 .1.d). Still, for the studied AR-glass yarns, the friction between filaments could be neglected. This simplification has been justified by the post-peak amount of friction observed in the tensile experiment and allowed us to use the GLS rule for stress redistribution upon a filament failure.
With reference to Fig. 2.1 .b, we may use Eq. (3) to obtain the overall load-strain diagram of the bundle as the sum of force contributions of all filaments at the fixed level of global strain
The evaluation of the tensile response in terms of the load-strain diagram is absolutely inexpensive and, therefore, very suitable for the statistical analysis of random parameters varying both, within the bundle cross section and along the individual filaments. In order to introduce variations in parameters of the filament load-strain function given in Eq. (3) we shall summarize them in a vector parameter i , so that
e i e i i q e q e with , , , ,
In the following studies, the qualitative effect of variation in each of these parameters shall be visualized separately for selected distributions. Following the distribution, each filament gets associated with a separate instance of i . Then, the load-strain diagram is evaluated as described in Eq. (4).
Continuous asymptotic model for infinite number of filaments n
As n grows large, the mean load-strain diagram and the covariance function of load for two e's can be obtained analytically as shown by Phoenix and Taylor [Pho73] . In particular, the mean bundle response is obtained as n multiple of the mean filament response: ( ) ( ) M e n e . The effect of scatter of the vector parameter on the mean filament response is evaluated using the integral form:
with i i G standing for the cumulative probability distributions of the parameter i . The filament behavior is governed by the global constitutive law (Eq. 3, index i dropped). For example, the mean load-strain curve for variable delayed activation is explicitly given as:
There are two ways to interpret this equation: From a statistical point of view, the mean filament load-strain diagram ( ; ) e represents an average filament response for infinite number of realizations of a single filament test ;
e q e with the scatter of governed by the distribution G . Alternatively, the integral evaluation of the mean bundle load ( ) ( ) M e n e can be seen in analogy with the discrete numerical evaluation of the bundle force T(e) in Eq. (4) by summing filament contributions over the cross section at a given bundle strain e. Similarly, in Eq. (7) we perform an integration over fractions of distribution G at a given bundle strain e. In this view, the yarn corresponds to a homogeneous frictionless one-dimensional bar with the cross-sectional area nA.
The integral formulation shall be used in the sequel to verify the results of the numerical model. For special distribution functions, the integral renders an explicit analytical load-strain relation that may be even converted to an analytical formula of the mean size effect, i.e. an explicit expression for the mean strength as a function of the yarn length. However, the applicability of the analytical expressions for asymptotic mean and covariance is limited to the verification of numerically obtained results. One reason is that both, the statistical moments and the shape of the distribution are unknown for finite n even though the asymptotic form of peak load distribution for n is known [Dan45, Dan89, Pho73] . Another good reason for using the discrete numerical model is the possibility to study the effect of spatial randomization of filament properties [Vor06] .
Using the introduced models, we may now approach the parametric studies of the scatter of material parameters on the overall response accompanied with the evaluation and discussion of the resulting length-dependent performance. In the examples below, we study the influence of variations in parameters and across the bundle, and the influence of bundle twist. The filament material is AR-glass with the following material parameters 1.25 GPa, E = 70 GPa, diameter D = 26 µm and the corresponding breaking strain is given as 1.786 E %. In case of a perfect bundle, the load-strain diagram can be simply written as
For the sake of simplicity, in the discrete bundle model we use 16 filaments only, while the real number of filaments in the studied yarn is approximately 100 times higher. In order to have the resulting forces in the figures comparable to the real values, the forces are given in cN. Diagrams of the mean bundle response obtained analytically using Eq. (7) are always plotted with dashed line for comparison.
Effect of scattered filament lengths
The effect of filament length differences is present both, in the crack bridge and in the tensile test. As can be seen in Fig. 2 .2, the scatter of filament length leads to the scatter of filament stiffness. As a result, the maximum strength cannot be reached simultaneously in all filaments. This causes the reduction of the maximum tensile force transmitted by the yarn. This is especially true for short specimens (Fig. 2.2c and d ) with a relatively ductile failure. The examples in Fig. 2 .2e and f represent the qualitative tendencies in filament length variations approaching the condition of a crack bridge. In these cases the nominal length is shorter than the maximum additional length of 2 mm.
We may conclude that the variations in the filament lengths act in an opposite way compared to statistical size effect. Second, this effect introduces ductile failure of short specimens (see 
Effect of scattered filament activation strain (slack)
The waviness of filaments leads to their delayed activation during the loading process. In order to study its qualitative influence on the response, we have defined a uniform filament activation density function g (see Fig. 2.3 ) distributed over the activation range max 0 . Considering 0 , max represents the activation strain of the last filament. For simplicity, we again set the nominal length l equal to the length of the shortest filament.
In Fig. 2.3 we illustrate the three qualitatively different forms of the load-strain diagram depending on the relation between max and . We conclude that delayed activation induced by waviness drowns the statistical size effect and must be included in the interpretation of the measured data in order to assess the length dependent strength of the bundle accurately. The analytical solution of presented diagrams (integral in Eq. 7) and the analytical size effect equations are possible [Chud06] .
The thorough studies of additional effects (such as the random filament diameter, etc.) and their interaction were performed in [Chud06, Vor06] . In particular, they covered (i) considerations to the correspondence between the delayed activation and waviness, (ii) identification of the parameter distributions based on experimentally obtained data and (iii) interactions between the introduced sources of randomness/disorder. 
Effect of yarn twist
The model allows us to employ more advanced constitutive laws for a single filament in which we can reflect more complicated geometries. Inspired by [Pho79] we now insert a function q to the integral in Eq. (7) that accounts geometry of twisted yarns. In this idealization the initial shape of a single filament is assumed in a form of a spatial helix. Upon loading, the individual filaments follow helical paths. Still, they are able to vary randomly in strength, slack, initial clamping distance, etc. The model can be easily extended to cover filament migration during twisting [Pho79] .
The most important ingredient of the model development which is the kinematical relationship between the bundle strain e and actual filament strain [Pho79] :
where is the helix angle (angle between a straight filament in loading direction and tangent of a filament forming a helical shape), is the Poisson's ratio of lateral contraction and has again the meaning of filament slack (again, we dropped the filament index i). The full derivation of this relation is a bit complicated and lengthy and the reader is referred to [Pho79] . This formula can be refined to capture more precisely the effect of actual initial filament length and a certain definition of filament slack (e.g. stemming from initial waviness) and their interactions: It can easily be seen that, if the Poisson's ratio is equal to zero (and no slack or length disorder is assumed), the relation between the local and global strain simplifies to 2 cos e . In reality, the Poisson's ratio is probably not a constant. Rather, we expect it to be very high for yarns with sparse initial packing, low number of revolutions (twists) per meter n t and at low yarn forces. However, we can naturally expect that with increasing n t and bundle force the Poisson's ratio decays because the yarn cannot be packed into a more dense material. The results of parametric studies with a yarn of a given length and varying the number of twists per one meter n t are plotted in Fig. 2 .5. The maximum diameter of helix was set to 1 cm and the Poisson's ratio was assumed zero. In the figure, the left-hand plot shows the load-strain diagrams and the right one shows the yarn efficiency depending on n t . Obviously, with n t = 0, there is no difference with respect to the reference perfect yarn. With growing n t , the yarn becomes more ductile (sustain larger strains), both, the peak load and the tensile stiffness gets reduced. For comparison, we included plots of yarns with nonzero Poison's ratio =0.3 to show the increased strain capacity and the peak force reduction.
Finally, we should emphasize that the chosen geometry Fig. 2 .4 represents the effect of twisting in an idealized way and the effect of local load sharing is not included. Nevertheless, in a context of a crack bridge the model still can deliver valuable results.
CONCLUSIONS
By considering the cross-sectional variations of filament properties of material properties along the yarn in a single model we are able to capture/reproduce the whole loading and failure process during the test, size effect inclusive [Vor06] . As a result, we obtain more information about the filament properties and their interactions in the bundle. The filament bundle model provides detailed interpretation of tensile test data and, at the same, it constitutes the basis for modeling the failure process in the crack bridges of TRC. It should be noted that the local interaction between filaments has been neglected. This simplification is justified in a case of a crack bridge due to very short effective length. The numerical studies presented confirm the intuitive presumption that all deviations from perfect yarn consisting of identical filaments with no structural disorder result in increased ductility and decreased maximum load capacity of the yarn.
